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Abstract 

We study Kaluza-Klein modes of a d — 7, Af — 2 vector multi- 
plet in AdS& x S 3 . Such modes arise in the context of AdS/CFT as 
dual objects of a class of gauge invariant operators in M = 4 Chern- 
Simons theories. We confirm that the Kaluza-Klein modes precisely 
reproduce the BPS spectrum of the operators. 
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1 Introduction 



Since the discovery of BLG model [H El El HI [5] and ABJM model [6j, quiver type 
supersymmetric Chern-Simons theories have attracted a great interest. They 
are expected to be realized on M2-branes placed in cone geometries, and many 
checks have been done to confirm the duality between Chern-Simons theories 
with different numbers of supersymmetries and M-theory on the corresponding 
AdS backgrounds. 

A strong support for this duality is obtained by the analysis of indices. For the 
M = 6 supersymmetric Chern-Simons theory, ABJM model, a superconformal 
index which encodes the spectrum of gauge invariant operators are computed in 
[TJ |8], and it agrees with the index obtained by the Kaluza-Klein analysis in the 
dual geometry [9]. 

In this paper, we focus on the gravity duals of M = 4 supersymmetric Chern- 
Simons theories with unitary gauge groups [HI [101 [HUE]. Even though the analy- 
sis of these theories on the gauge theory side is parallel to that for ABJM model, 
it is quite interesting because there are new ingredients on the gravity side. The 
7-dimensional internal space of the dual geometry for an AT = 4 Chern-Simons 
theory is a certain orbifold of 7-sphere. In general, it includes orbifold singulari- 
ties, and the emergence of twisted sectors is expected. 

An M = 4 Chern-Simons theory with unitary gauge group has quiver type 
matter contents and is described by a circular quiver diagram. There are two 
kinds of hypermultiplets in this theory: untwisted and twisted hypermultiplets. 
Each edge in the quiver diagram represents one of them. If the number of edges 
is even, and m untwisted and m twisted hypermultiplets appear alternately in 
the diagram, the theory is obtained by Z m orbifolding of ABJM model. This 
theory is similar to a four- dimensional M = 2 CFT obtained as a Z m orbifold of 
the M = 4 supersymmetric Yang-Mills theory. It is described by the An-i type 
quiver diagram, and has Z m symmetry shifting the diagram. The dual geometry 
of this theory also has a singular locus, and twisted sectors arise. The field- 
operator correspondence in the twisted sectors is studied in [131 EL an d it is 
shown that operators in the twisted sectors are characterized by non-vanishing 
Z m charges. 

In the case of the Af = 4 Chern-Simons theory which is obtained as an orb- 
ifolded ABJM model, the existence of twisted sectors was first found in [13]. They 
computed a certain index for the theory and extract non-vanishing contribution 
of the twisted sectors from it as a deviation from what is obtained by a naive orb- 
ifold projection from the ABJM model. They also show that operators in twisted 
sectors are characterized in the same way as the four dimensional M = 2 CFTs 
by non-vanishing charges with respect to Z m symmetry which rotates the quiver 
diagram with circumference 2m by even steps. (We cannot shift the diagram by 
odd steps because two kinds of hypermultiplets appear alternatively in it.) 

The analysis in [15] is restricted in the perturbative sector which does not 
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include monopole operators. The inclusion of monopole operators is accomplished 
in [16] by following the method used in [8] for ABJM model. We can again use 
the Z m symmetry to specify twisted sectors. Let us define magnetic charges of 
an operator by 



for each vertex labeled by a = 1, . . . , 2m in the quiver diagram. If these charges 
are not invariant under the Z m symmetry, such a monopole operator belongs to 
a twisted sector. In [T71 [TS] such monopole operators are identified to M2-branes 
wrapped on vanishing cycles at singular loci. 

In addition to theories obtained as orbifolds of ABJM model, there exist more 
general M = 4 Chern-Simons theories which include arbitrary numbers of two 
kinds of hypermultiplets appearing in an arbitrary order in the quiver diagram. 
Although such a theory is not obtained from ABJM model by the orbifolding 
procedure, the corresponding M2-brane background is again an orbifold of the 
flat space. It is possible to construct different theories corresponding to the same 
background geometry. They can be distinguished on the gravity side only by the 
discrete torsion of the three-form potential. Because wrapped M2-branes couple 
to this torsion, we can use monopole operators, which correspond to wrapped 
M2-branes, as probes to establish the relation between discrete torsions on the 
gravity side and boundary theories which share the same moduli space. This 
analysis has been done in [16], and the relation [19] between the discrete torsions 
and the linking numbers, which is defined by the structure of the quiver diagram, 
is reproduced. See also [201 Ell [22] about the relation between wrapped M2-branes 
and monopole operators. 

In the previous works [T5] and [TBj, the twisted sector contribution to indices 
are computed only on the gauge theory side. To confirm the AdS / CFT correspon- 
dence, it is necessary to reproduce the same indices from Kaluza-Klein modes of 
fields localized on the singular loci, but it has not yet been done. The purpose of 
this paper is to fill this gap. 

As will be explained in detail in the next section, the worldvolume of a singular 
locus is AdS± x S 3 /Z m , and on the locus a d = 7, Af = 2 SU(n) vector multiplet 
lives, where m and n are integers related to the structure of the Chern-Simons 
theory. We need the Kaluza-Klein spectrum of this vector multiplet. At the 
linearized level, we do not have to take account of the interactions, and we can 
treat an SU(n) vector multiplet as a set of n 2 — 1 U(l) vector multiplets. What 
we will actually do in the following sections is to investigate the Kaluza-Klein 
spectrum of a Z7 (1) vector multiplet in AdS± x S 3 , the covering space of a singular 
locus. Once we obtain this spectrum, we can easily obtain the spectrum of SU(n) 
fields on the singular locus by collecting all the contribution of n 2 — 1 vector 
multiplets, and carrying out an appropriate Z n orbifold projection. 

For the Kaluza-Klein analysis, we need the equations of motion for the compo- 
nent fields of the vector multiplet. Because the background spacetime is curved, 
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we should take account of the couplings to the background curvature. We de- 
termine the couplings by Noether procedure. The detailed derivation is given in 
Appendix. 

This paper is organized as follows. In section [2} we explain the structure of the 
dual geometry with focusing on its symmetry. In section [3j we briefly review 1/2 
BPS representations of the superconformal group OSp(A\A). In sectionHJ we carry 
out Kaluza-Klein analysis for scalar fields in the vector multiplet. Combining this 
with the knowledge of representation theory given in section [3j we can obtain the 
whole Kaluza-Klein spectrum. By using this spectrum, we compute a character 
and an index for the vector multiplet in section [51 and confirm that they agree 
with the previous results obtained on the gauge theory side. Section [6] is devoted 
to Summary and discussions. In Appendix |A] we derive the d = 7, TV = 2 
supersymmetric action of a vector multiplet on the curved background AdS± x S 3 , 
and a direct derivation of the whole Kaluza-Klein spectrum is given in Appendix 
11 

2 Global symmetries 

The R-symmetry of a three dimensional M = 4 supersymmetric Chern-Simons 
theory is SO(4) R ~ SU{2) R x SU{2)' r . Two kinds of hypermultiplets are distin- 
guished by the action of the R-symmetry on the component fields. Scalar fields 
in an untwisted hypermultiplet belong to an SU{2) R doublet, while ones in a 
twisted hypermultiplet form an SU(2)' R doublet. 

It would be instructive to understand symmetries of M = 4 Chern-Simons 
theories from the geometric point of view. The moduli space of an M = 4 Chern- 
Simons theory is the symmetric product of N copies of a certain Abelian orbifold 
of C 4 [TlJ [121 123], and the theory describes N M2-branes in this orbifold. If 
the background is C 4 itself, the system possesses Af = 8 supersymmetry, and 
the R-symmetry is 5*0(8), the rotation group of C 4 . To obtain an M = 4 
theory, we first split C 4 into two C 2 . Correspondingly, we define the subgroup 
5*0(4) x 50(4)' C 50(8) which rotates two C 2 separately. Because each 50(4) 
is a product of two SU(2) factors, we have in total four 577(2) factors in this 
subgroup. We denote these four factors as follows. 

50(4) = SU(2) R x SU(2) F , 50(4)' = SU(2)' R x SU(2)' F . (2) 

The supercharges of the M = 8 theory belong to the spinor representation 8 S of 
50(8), and its branching in the subgroup SU(2) R x SU(2) F x SU(2)' R x SU(2)' F 
is 

8 S ^ (2, 1,2,1) ©(1,2, 1,2). (3) 

If we perform the orbifold projection by using an appropriate Abelian discrete 
subgroup of SU(2)p x SU(2)' F , the latter half on the right hand side in (J3J) is 
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projected out, and we are left with M = 4 supersymmetry. The remaining four 
supercharges are transformed vector of 

SO(A) R = SU(2) R x SU{2)' R . (4) 

This group is nothing but the R-symmetry mentioned at the beginning of this 
section. Note that SO(4:) R is not any of two 5*0(4)3 in (TSJ). 

The orbifolding breaks SU(2)p and SU{2)' F into Abelian subgroups which 
commute with the orbifold group. We denote them by U(l)p C SU{2) F and 
U{l)' P C SU{2)' F . 

The explicit form of the background geometry of M2-branes for an M = 4 
Chern-Simons theory is 

((C 2 /Z p ) x (C 2 /Z 9 ))/Z fc , (5) 

where p and q are the numbers of two kinds of hypermultiplets in the theory and 
k is the Chern-Simons coupling constant. See [12] for detail. The orbifold group 
is generated by the transformations 

(z x , z 2 , z 3 , z 4 ) -»■ (e~z 1 ,e~~z 2 ,z 3 ,z 4 ), 

2iri 2tvi 

(zx, z 2 , z 3 , Zi) -> (z 1 ,z 2 ,e i z 3 ,e~ « z 4 ), 

2iri 2ni 2ni 2iTi 

(z 1 ,z 2 ,z 3 ,z 4 ) ->■ (ep k z 1 ,e p k z 2 ,ei k z 3 ,e « k z 4 ), (6) 

where z%, . . . , Z4 are complex coordinates of C 4 . ABJM model is the special case 
with p = q = 1. The dual geometry of the theory is the near horizon limit of the 
classical solution of M2-branes in the orbifold background, and is the product of 
AdS 4 and the orbifolded seven sphere 

(S 7 /(Z P x Z g )) /Z k , (7) 

which is defined from (j3j) by the restriction \zi\ 2 + \z 2 \ 2 + | ^3 1 2 + | -^4 1 2 = 1. 

An important feature of this dual geometry is that it includes orbifold singular- 
ities. The Z p orbifolding in ([7]) generates A p _i type singularities. The continuous 
set of the fixed points forms the fixed locus with topology S 3 /Z q k. Similarly, the 
fixed locus associated with Z q is S 3 /Z pfc . We refer to these two fixed loci as S 
and S', respectively. On S there exists a d — 7, H — 2 SU(p) vector multiplet. 
The Cartan part of this arises from the localized zero modes of the supergravity 
fields, while the non-Cartan part arises from M2-branes wrapping on vanishing 
2-cycles at the singular locus. We also have an SU (q) vector multiplet localized 
at the other singular locus S'. These two loci can be treated in a similar way, 
and we mainly focus on the vector multiplet in S. 

As we mentioned above, S is Z q k orbifold of its covering space S = S 3 . Here- 
after, we investigate a vector multiplet in AdS± x S. Once we obtain the Kaluza- 
Klein spectrum in S, we can easily derive the spectrum in S by an appropriate 
projection. 
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Among global symmetries in only SU{2)' R and SU(2)' F act on S transi- 
tively, while SU{2) R and SU{2) F do not move the locus. This means that from 
the viewpoint of the seven- dimensional theory on the locus, SU{2) R and SU{2) F 
are internal symmetries while the other two are parts of the isometry group 

5p(4, R) x SU(2)' R x SU(2)' F , (8) 

of the seven-dimensional spacetime. The last factor in this group, SU(2)' F , is 
broken to U(1)' P by the orbifolding, and the other part, 5p(4, R) x SU(2)' R , is a 
part of the bosonic subgroup 5p(4, R) x SU (2) R x SU {2)' R of the superconformal 
group 05p(4|4). 

3 1/2 BPS representations 

In this section we briefly review 1/2 BPS representations of the superconfor- 
mal group OSp(A\A). To describe highest weights of irreducible representations, 
we use Cartan generators D (dilatation) and j (spin) for the conformal group 
5p(4, R), T 3 for SU(2) R , and T 3 for SU(2)' R . 

In section we will compute a superconformal index of the Kaluza-Klein 
modes. For the definition of the index, we use only two supercharges out of 
the four, and the choice of the two breaks the R-symmetry SO(4) R down to 
50(2) x 50(2). We denote generators of these two 50(2) symmetries by Hi and 
H 2 . They are related to T 3 and T 3 by 

Ht = T 3 + r 3 , H 2 = -T 3 + T 3 '. (9) 

Following [24] . we define four supercharges 0/ and o/ (I = 1,2) carrying the 
Cartan charges shown in Table [TJ We will use Q 1 to define the index, and then 

Table 1: The Cartan charges of four supercharges are shown. 





D 


j 


H x 


H 2 


T 3 


n 


Q 1 


1/2 


±1/2 


±1 





1/2 


1/2 


Q 1 


1/2 


±1/2 


-1 





-1/2 


-1/2 


O 2 


1/2 


±1/2 





±1 


-1/2 


1/2 


Q- 


1/2 


±1/2 





-1 


1/2 


-1/2 



only 50(2) generated by Hi plays a role of R-symmetry. 

As usual, we use highest weights to specify representations. The highest 
weights T 3 and T 3 of an 50 (4) R representation are non- negative, and there is the 
following bound for Hi and H 2 . 

Hi > \H 2 \. (10) 
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Short representations we are interested in are 1/2 BPS representations which 
saturate this bound. There are two series of such representations, which are called 
(JV, -B,±) in [24]. (J\f in the first slot refers to the number of supersymmetry, 
and in this paper it is always 4.) A representation in each series is specified by 
one integer n, and the components of its highest weight are 

TI Ti Ti 

(D,j,H 1 ,H 2 ) = {-,0,-,±-), 71=1,2,... (11) 

The last component if 2 is positive for (4,5, +), and negative for (4,5,—). We 
denote the 1/2 BPS representation with the highest weight fTTT]) by (4, B,±) n . 
The highest weight states |0)( 4j s,±) satisfy 

Q 1 |o)(4,b, +) = Q 2 |o)(4,B, +) = 0, Q'lo}^,-) = g 2 |o) (4 ,B,-) = 0. (12) 

The spectra of (4, B, ±) n representations are given in [21]. Each of them is de- 
composed into six irreducible representations of the bosonic subgroup Sp(4, R) x 
SO(4). The decomposition of (4, B, +)„ is shown in Table [2j That of (4, B, — ) n 
is obtained from this by exchanging T3 and T3, and correspondingly, flipping the 
sign of H 2 . 

Corresponding to the two fixed loci S and S', both (4, B, +) and (4, B, — ) arise 
from the twisted sectors. Because T 3 does not move S, it is an internal charge 
in the context of the field theory in S, while T3 is an orbital angular momentum. 
This fact implies that the Kaluza-Klein modes in S should be identified with 
(4,5, +), which can take an arbitrarily large T3. Contrary, the Kaluza-Klein 
modes in the other locus S' belong to the other series of representations (4, B, —). 

Table 2: The spectrum of the 1/2 BPS representation (4, B, +)„. The represen- 
tation is decomposed into six irreducible representations of the bosonic subgroup 
Sp(4, R) x SO(4:)r. The highest weights of these representations are given. A is 
defined later in ( l3TT) . 



D 


3 


T 3 






#2 


A 


range 


n 
2 








n 
2 


n 
2 


n 
2 





(n > 1) 


n.+ l 


1 


1 


n-1 


rt 


2 _ 1 





(n > 1) 


2 


2 


2 


2 


2 


2 




n+2 
2 





1 


n-2 
2 


ft 
2 


n 
2 Z 


1 


(n > 1) 


n+2 
2 


1 





n-2 
2 


- - 1 

2 x 


- - 1 

2 x 


1 


(n > 2) 


n+3 
2 


1 

2 


1 

2 


n— 3 
2 


- - 1 

2 x 


2 Z 


2 


(n > 3) 


n+4 
2 








n— 4 
2 


n r> 
2 Z 


n c\ 
2 Z 


4 


(n > 4) 
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4 Kaluza-Klein spectrum 



Let us determine the Kaluza-Klein spectrum of a d = 7, N = 2 vector multiplet 
in AdSi x S 3 . To carry out this analysis, we need the action of the vector mul- 
tiplet in the seven-dimensional curved background. In general, supersymmetry 
requires the coupling of the component fields to the background curvature. We 
can determine the action order by order with respect to the background curvature 
by using the Noether procedure. A vector multiplet consists of a gauge field A M , 
a symplectic Majorana spinor field A, and three real scalar fields fa (i = 1, 2, 3). 
If we identify the background spacetime with the singular locus AdS$ x S, the 
R-symmetry of this theory is SU(2)r defined in section [2], and the isometry of 
S 3 is SU(2)' R x SU(2)' F . A and fa belong to the SU(2) R doublet and the triplet, 
respectively. The supersymmetric action is 



S = d 7 Xy/^g 



\F MN F MN - \\Y M D M \ - \d M fad M fa 

+ A(ArA) + ^fafa - ^e kmn A k F mn ] , (13) 

where L is the AdS radius. See Appendix [A] for a detailed derivation of this 
action. This is invariant under the supersymmetry transformation 

8fa = z(ea,A), 6X = -ia^edufa+^FM^^e+^faaiVe, 5A M = -(eT M X). 

(14) 

There are mass terms for the fermion A and the scalar s fa. We also have the 
Chern-Simons coupling for the gauge field. Note that the tachyonic scalar mass 
m 2 = —2/L 2 satisfies the Breitenlohner-Freedman bound m 2 > — 9/(4L 2 ). These 
terms are inevitable to obtain the Kaluza-Klein spectrum consistent with the 
gauge invariant operators in the boundary theory. In this section, we derive only 
the spectrum of the scalar fields. A direct derivation of the full Kaluza-Klein 
spectrum of the other component fields is provided in Appendix iBl 
The equation of motion of the scalar fields derived from (flBl) is 

Afa + ^fa = 0, (15) 
where the Laplacian is defined with the background AdS^ x S 3 metric 

ds 2 7 = L 2 -dx 2 + dx 2 + dx 2 + dr 2 + (2L) 2 d0 2 (16) 



r 



The scalar function in S 3 can be expanded by scalar spherical harmonics Yqu^. 
The quantum number s = 0, 1/2, 1, ... is the orbital angular momentum in S 3 . A 
harmonic ^o,(s, s ) belongs to the 50(4)(= SU{2)' R x SU{2)' F ) representation with 
the highest weight (s,s), and it actually has (2s + l) 2 components forming the 
representation. 
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On the three-sphere with radius 2L, eigenvalue of the Laplacian for the scalar 
harmonic is 

A S 3F 0i(s>s) = --^4s(s + l)F ,(s, s) . (17) 
The Kaluza-Klein expansion of a scalar field is 



f(s,s) Y o, 



(s,s)> 

where /( SjS ) are scalar fields on AdS^. 

For the purpose of computing the conformal dimension of the corresponding 
operators, it is sufficient to assume that f\ s ,s) depends only on the radial co- 
ordinate r in AdS4. By substituting this into the equation of motion (Tl5l) . we 
obtain 

rA T~2^hs,s) -(s 2 + s- 2)f M = 0. (19) 
ar r z ar 

This has two independent solutions 

f(s,s)<xr s+2 , r~ s+1 . (20) 

When we discuss field-operator correspondence, we need to take one of these 
two solutions which is normalizable. If s is sufficiently large, only the former is 
normalizable. Here we choose the former for every s, which corresponds to an 
operator with conformal dimension D = s + 2. 

These Kaluza-Klein modes of scalar fields must be a part of BPS represen- 
tations given in Table El Because the scalar fields form an SU(2)r triplet, we 
identify these modes with the third line in the table. By comparison of the con- 
formal dimension and the SU(2)' R representations, we can relate the quantum 
number n to the orbital spin s by 

n = 2s + 2, s = 0, (21) 

For every s, we have 2s + 1 superconformal multiplets, which are transformed as 
the spin s representation of the flavor group SU{2)' F . The spectrum V is 

V= (4, J B,+) 2(s+1) ®(sof^C/(2) / F ). (22) 
s =o,i... 

This fact is also conformed by the direct derivation of the full Kaluza-Klein 
spectrum given in Appendix |B] The results are summarized in Table [3j 

5 A character and an index 

In the last section, by combining the Kaluza-Klein analysis for the scalar fields 
and the knowledge of the representation theory, we determined the Kaluza-Klein 
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Table 3: The Kaluza-Klein spectrum of a vector multiplet (Am, A, fa) in AdS^ x 
S 3 . For each mode shown in the table, there exists the other mode with D 
replaced by 3 — D, which is not normalizable for large s. 



fields 


SU(2)j 


SU(2) R 


SU(2)' R 


SU(2)' F 


D 


fa 





1 


s 


s 


s + 2 


A M 








s + l 


s 


s + l 




1 





s 


s 


s + 2 










s-1 


s 


s + 3 


A 


1 

2 


1 

2 


s + l 


s 


s + f 




1 

2 


1 

2 




s 


s + l 



spectrum (|22|) . With this result, we can easily obtain a character for the vector 
multiplet. 

We define the superconformal character for a representation R by 

XR = Tr R (>* VV^) = [s 2D x 2 ^y^y^ , (23) 

where Tr R means the trace over the representation R. We used Cartan gener- 
ators (D, j,T 3 ,T^) for the middle expression and (D, j, Hi, H 2 ) for the last one. 
These two choices of the Cartan generators for SO(4) R are related by ([9]), and 
correspondingly, the two sets of variables (y,y') and (2/1, 2/2) ar e related by 

y=^, y' = ym. (24) 
2/2 

As is shown in Table [2j (4, B, +) n is decomposed into six irreducible represen- 
tations of the bosonic subgroup Sp(4, R) x SO(4) R . The character is obtained 
by summing up those for the six representations. 

x(4,b,+)„ = x^f%(^^^)xf(2/ / )+x^44)( s2 ' x2 )^l^)^v^ 

+x^ fl) (* 2 , Ax^ W) + X(°4, ) (* 2 , * 2 )xi (v)x*? GO 
+x c ^, h) (s 2 ,x 2 ) X i (y)x^(y') +x c ^, 0) (s,x 2 ) x ^(y') (25) 

where Xm^-) is the character of the irreducible representation of the conformal 
group with highest weight (D,j), 

conf _ T / 2D 2j\ _ S 2D Xj(x 2 ) 

X {D , J} - lr (Dj) ( S X ) - (1 _ s 2 x 2 )(1 _ s 2 )(1 _ s 2 x - 2) ' W 

and Xj{t) is the SU(2) character for the spin j representation 

Xj(t) = ^YZ-jk 1 =** + ••• + t~ j , ( Xj (t) = for j < 0). (27) 
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We can derive the character for the Kaluza-Klein modes (122)) by summing up 
X(4,s,+) n with an appropriate weight. To include the information of the flavor 
group SU(2)' F , we introduce a variable z' for the Cartan generator P' of SU(2)' F . 
We normalize P' in a different way from T3 and T3 so that its eigenvalues are 
integers. We define 



Xv 

and with (1221). we obtain 



Tr v (s 2D x 2 iy T *y' T *z' p y (2f 



J2^+hs + ^s(z' 2 ). (29) 



In general, it is difficult to calculate a character directly on the gauge theory 
side due to quantum corrections. We can avoid this by choosing the arguments of 
the character so that the contributions of two states connected by a supercharge 
Q have opposite signs and cancel each other. Such a character is called an index, 
and it can be used conveniently to check the AdS/CFT correspondence. Let us 
choose Q = Q\. In this case, OSp(A\A) algebra tells us that two Cartan generators 
D + j and H2 commute with Q, and the index 

Ir = TrnU-fx'^x^yf 2 ), (30) 

does not depend on x', where F is the fermion number operator, and A is defined 
by 

A = {Q,Q^} = D-(j + H 1 ). (31) 
The index is related to the character by 

In = Tr R ((-) F x* D+ »y»*) = X r(s xx',x^ -- p y x -> ±y 2 ). (32) 

where we used (— ) F = (— ) 2j to show the second equality. By substituting (1231) 
into the relation (I32p . we obtain the superconformal index for a half BPS repre- 
sentation (4, B, +) n 

x n y> (1 - x 2 y 2 l ) 

j(4,B,+) n = yzt^a • W 

The index for the representation (4, B, —) n is obtained from (133|) by the replace- 
ment 2/2 — > V^}- Only BPS states with A = contribute to the index [23], and 
we can also obtain this result by summing up the contribution from the A = 
states in Table |2J 
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(1331) leads to the index for a vector multiplet on AdS± x S 



Iy = ^I(,,B, +hs+2 Xs(z ) = ^ ( 4) 2 * • (34) 

Let us compare ( |34l) to previous results. 

The index computed in [15] includes only the contribution of the perturbative 
sector, which does not include monopole operators. To compare with their 
result, we need to know which part of the Kaluza-Klein spectrum corresponds 
to the perturbative sector. In other words, we should know the correspondence 
between magnetic charges in the boundary theory and the charges on the gravity 
side. In [16J it is shown that operators without magnetic charges correspond to 
Kaluza-Klein modes of the Cartan part of the vector multiplets with P = P' = 0. 
Therefore, the perturbative part is obtained by picking up the P' — term from 
(ED as 

/pert (Z, 3/2) = z JTj —■ (35) 

1 — Or 1 — X z l/2 

Because every Cartan U(l) gives the same contributions, we need to multiply the 
total rank of the gauge group of the vector multiplets. In the theory discussed in 
[T5] , SU(m) gauge theory is realized on S, and the corresponding index is (m — 
1)/ P ert(^, y-i)- Twisted modes on the other locus S' belong to (4, B, — ) n , and the 
corresponding index is (m — l)I pert (x, y^ 1 )- The total index (m — l)I peT t(x, 1/2) + 
(m — l)I peT t(x, y^ 1 ) precisely agrees with (4.15) in [15J. (We need the replacement 
x 2 — > x, 2/2 — * V to match the conventions.) 

Twisted sector spectrum including monopole operators is studied in [16] . The 
corresponding Kaluza-Klein modes should be obtained from the spectrum (122]) 
by an appropriate projection. The analysis in the opposite direction has been 
already done in [16J. In the reference, an index for a vector multiplet in AdS± x S 3 
is conjectured which reproduces results on the gauge theory side. It is (65) in 
Ref. [16]. In the reference, the chemical potential y 2 for the charge H 2 is not 
introduced and for comparison we should set 2/2 in fl34]) to 1. Then eq. (65) in 
Ref. [16] perfectly agrees with f )34|) . 

6 Summary and discussions 

In this paper, we determined the Kaluza-Klein spectrum of a d — 7, Af — 2 
vector multiplet in AdS^ x S 3 . After constructing the supersymmetric action of 
the vector multiplet in the curved background, we solved the equation of motion 
for the scalar fields. We determined the whole spectrum by using the knowl- 
edge of the representations of the superconformal algebra. We also performed 
direct Kaluza-Klein analysis of all the component fields other than scalar fields 
in Appendix IBI and obtained the same result. 
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We computed a character and an index for the Kaluza-Klein spectrum, and 
confirmed that they reproduce the previous results obtained from the twisted sec- 
tors for M = 4 Chern-Simons theories. The contribution of monopole operators 
are correctly reproduced. This fact provides an evidence for the correspondence 
between monopole operators in the twisted sector and wrapped M2-branes in the 
dual geometry. 

In general, it is necessary to choose appropriate boundary conditions for bulk 
fields in order to establish the field-operator correspondence. In the case dis- 
cussed in this paper, for a Kaluza-Klein mode with large s, there exists only one 
boundary condition which admits a normalizable mode. However, for small s, we 
have two acceptable boundary conditions. One of such bulk fields is the Kaluza- 
Klein mode of Am with spin 1 and vanishing internal charges, which is shown in 
the third line in Table [3j This mode belongs to a Betti multiplet |26[ [27] corre- 
sponding to baryonic U(l) symmetries in the Chern-Simons theory. The bound- 
ary condition of the gauge field determines whether U(l) symmetry is global or 
local[28, 29J. We chose the boundary condition which makes the U(l) symme- 
tries local. In this case, monopole operators arise in the theory as dynamical 
objects[T7]. Taking the opposite boundary condition corresponds to the SU(N) 
gauge symmetries rather than U(N)s. It may be interesting to study the rela- 
tion between the boundary conditions for the Betti multiplets and corresponding 
boundary theories in more detail by using indices. 

It is quite important to understand the operator spectrum of more general 
Chern-Simons theories such as M = 2 theories to understand dynamics of Chern- 
Simons theories and establish the dual M2-brane description. Even though it is 
in general difficult to compute the spectrum on the gauge theory side due to large 
quantum corrections, it seems possible to extend the analysis of TV = 4 Chern- 
Simons theories to M = 2 theories describing M2-branes in orbifold backgrounds. 
In such a case, the internal space of the dual geometry in general includes many 
two-cycles and has complicated torsion 4-form cohomology. The comparison of 
monopole operator spectrum and Kaluza-Klein spectrum in such a model would 
be useful for the identification of discrete torsion for a given Chern-Simons theory. 
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A Construction of the action 



In this Appendix we construct the M = 2 supersymmetric action of a vector mul- 
tiplet in the 7-dimensional spacetime AdS± x S 3 . We use the Noether procedure 
with respect to the background curvature. We start from the action 



d r x\ 



1 771 rpMN 

-'MS' 



-\T M V M \ 



(36) 



and the transformation laws 



6<j>i = i(e<Ti\), 5\ = -ia l T M ed M <Pi + -F MN T M1 \, 5A M = -(eT M X), (37) 

where M, N, . . . are seven- dimensional vector indices and i,j = 1, 2, 3 are indices 
for SU(2)r triplet. Oi are Pauli matrices acting on SU(2)r doublets. These are 
obtained by dimensional reduction from J\f = 1 supersymmetric Maxwell theory 
on the ten-dimensional flat background, and the covariantization with respect 
to diffeomorphism. If the background spacetime is flat and the transformation 
parameter e is a constant, the action fl36|) is invariant under the transformation 
f )37|) . The first step of the Noether procedure is to compute the supersymmetry 
variation without assuming the flatness. For a general curved background and a 
coordinate dependent parameter e, we obtain the variation in the form J m Vm£- 



SS 



i(\a i r M r N V M e)d N( t> i - l -{\Y L Y MN V L e)F MN 



(3* 



If we were constructing a supergravity action, this term would be canceled by 
introducing the Noether coupling to the gravitino, J M ipM- But now, we want the 
action invariant under the global supersymmetry, whose parameter e satisfies the 
Killing spinor equations 



airy, 



V m e = MT m e, 



0123, 



(39) 



where we use /i, z/, 



0,1,2,3 for AdS^ and m,n, 



4,5,6 for S 3 . a 



and b are parameters with dimension of mass. These parameters are propor- 



tional to the curvature of AdS^ and S 
{1/4)RmnpqF PQ £ with the curvature 



By substituting ( 139|) into [Vm, VAr]e 



pAdS4 



d2 



mnpq 



(,9mp9nq 9np9mq) (^0) 



we obtain 



4i? Ls 4 



(41) 



If we require the background spacetime AdS^ x S 3 is the locus in the M2-brane 
near horizon geometry AdS^ x S 7 , two radii RAds and Rs must be related by 
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Rs = 2Racls- This means a = ±26. In the following, however, we will not 
use this relation as an input because this relation is automatically obtained by 
requiring supersymmetry. 

Let us first focus on the first term in (1381) . By using (|39l) . we obtain 



(1st term in 5S ) = J [i{2a - 36)(A<x i r 1 Te)<9 1 ,0 i + i(4o - 6)(Aa,r , Te)<9 n i ] . 

(42) 

There are two ways to obtain similar variations to cancel this. One is to introduce 
a fermion mass term 

S' x = ^(XVX). (43) 
The second is to deform the fermion transformation law by 

S'X = iq<t>iO t Tt. (44) 



m x and q are real parameters with mass dimension 1. For the variation (1421) to 
be canceled by 5' So and 5S' X , the parameters m x and q should be given by 

m x = a + b, q = 3a — 2b. (45) 

In addition to terms canceling (j4"2"|) . 5' So and 5S X provide more terms. One of 
them is the term in S'Sq including Ve. By using the Killing spinor equations in 
(I3"9"j) it becomes 

i(3a - 2b) (4a + 36) (A^e)^. (46) 
We also obtain a similar term from S'S' X : 

S'S' X = (3a - 26) (a + 6)(Aa;e)0;. (47) 

These two terms are proportional to Sfa, and can be canceled by introducing the 
following scalar mass term: 

2 

= — 2*&&> rn% = -9a 2 + 46 2 . (48) 

Now all variations independent of the gauge field have been canceled. Let us 
turn to the terms including the gauge field. The second term in (I38j) is rewritten 
with (EHD as 



(2nd term in SS ) = X {-^F^ + (2a- b)F„ m T»T m + (<2a + F mn T mn ^Te. 

(49) 



A similar term arises from 5S' X : 



^F MN (XTT MN e). (50) 
14 



The first two terms in (1491) must be canceled by the corresponding part of (|50|) . 
This requires the relation 

a = 2b. (51) 

This is the relation which is expected from the M2-brane near horizon geometry. 
The term in (1491) including F mn is canceled by introducing the Chern-Simons 
term 

ScS = — — ^ mn A-kFmn- (52) 

Now all variations are canceled, and we obtain the action (fT3"j) and the supersym- 
metry transformation (fbil) by setting a = 1/(2L). 



B Kaluza-Klein analysis 

In this Appendix, we carry out Kaluza-Klein analysis for component fields in a 
d — 7, M — 2 vector multiplet. We expand fields in S 3 into spherical harmonics, 
and determine the conformal dimension for every mode by using equations of 
motion derived from the action we constructed in Appendix [A] 
We take the Poincare coordinates in AdS^ with the metric 

^2 j2 d%Q + dx± + d%2 + dr (53) 



The conformal dimension is defined as an eigenvalue of the Lie derivative associ- 
ated with the Killing vector 

D = rd r + x%. (54) 

We denote spin j spherical harmonics in S 3 by YJ^ Si S2 y Let SU(2)i x SU(2) 2 
be the isometry of S 3 . The index j is the spin of the field, and quantum numbers 
Si and S2 are SU{2)\ and SU(2)2 angular momenta, which takes half integers 
satisfying 

\si - s 2 \ < j < s x + s 2 , s 1 + s 2 -jeZ. (55) 
m is the magnetic quantum numbers in the range 

— j < m < j. (56) 

Yj\ SlS2 ) actually represents a set of (2si + l)(2s 2 + 1) harmonics forming the 
(si,s 2 ) representation of SU(2)\ x SU{2) 2 . We suppress indices for them. Only 
harmonics with j = \s\ — s 2 \ are independent. For example, vector harmonics 
?l,(s,s) = s)j ^i°( s s )' ^i _ (s s))' wn i c h d° n °t satisfy this condition, are given as 
the gradient of the scalar harmonics: Yi,( s ,s) ^ Vio,(s,s)- 
These harmonics are eigenmodes of the Laplacian: 

A^ S1 , S2) = —[28^8! + 1) + 2s 2 {s 2 + + 1)]^ S1)S2) , (57) 
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where R is the radius of S 3 in which the harmonics are defined. The following 
formula is also convenient: 

rot Y} i(si)S2) = -=[s 2 (s 2 + 1 ) - s i( s i + l)]*i,(«i,* 2 )- ( 58 ) 

The differential operator rot is a generalization of the rotation. For a spin j field 
<pj, it is defined by 

rot^- = T^V m i; (59) 

where Tm are SO (3) generators of spin j representation normalized by [7™ , Tn \ = 
e mnp Ti j) . rot becomes the ordinary rotation for a vector field, and the Dirac's 
operator for a spinor field. 

rot fa = V x fa, rot 0i = --7 m V m 0i . (60) 

2 2 2 

Kaluza-Klein modes of the scalar fields are studied in the main text. Let us 
consider the gauge field. The linearized equations of motion derived from the 
action ( [131) are 

V M F M » = 0, V M F Mk -^ L e kmn F mn = Q. (61) 

The AdS components of the gauge field are scalars in S 3 while the S 3 com- 
ponents A m forms a vector in S 3 . They are expanded with scalar and vector 
spherical harmonics by 

oo 

A* = 22(a s ,s)ijXo,(s,s), (62) 

s=0 

oo oo oo 

A = y^a a -i, s Y 1 ^ 8 -i )S )+y^a a>8 -iYifa s - 1 )+ o 8 , a Vyb,( 8 , 8 ). (63) 

S=l 8=1 8=1/2 

We also expand the gauge transformation parameter A with the scalar harmonics 
as 

oo 

A = J2 X s,sYo,(s,s). (64) 

s=0 

We can set a s jS = for s > 1/2 by using gauge symmetry with parameters X SjS 
with s > 1/2. To fix the residual gauge symmetry with parameter Ao,o we take 
the Lorentz gauge in AdS 4. 

V> , r = 0. (65) 

We still have residual gauge symmetry with parameter Ao,o satisfying A^^A^o = 
0, which will be fixed later. With the gauge choice we mentioned above, the 
equations of motion reduce to the following set of differential equations. 

V> s , s r = (s>l/2), (66) 
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(^AdsMs,s)ii + J^(a S ,s)fi + («s,s)m A S 3 ^ *0,(s,s) = 0, (67) 

(A. AdS a s - ltS + a s - 1>s A S 3 - 7^ a s-M - ^flj-i, s Vxj *i,(s-i,s) = 0, (68) 

1 3 - \ - 

A A dsa s , s -i + a s , s -iA S 3 - ^J2 a s,s-i ~ — a s , s -iVx j Yi,( s ,s-i) = 0. (69) 

To determine the conformal dimension of the corresponding operators, we as- 
sume that (a s ,sV> Qs-i.s) an d a a ,s-i depend only on the radial coordinate r. By 
using this assumption and the formuli fl57|) and (1591 . the equations for the radial 
component (a s . s ) r become 

- 2^ (a a , s )r = 0, (r 2 -^-2-s(s + l^J {a s , s ) r = 0. (70) 

For s > 1/2, these two equations do not have non- vanishing solutions. For s = 0, 
there is a solution (a ,o)r oc r 2 , but we can set (a ,o)r = by the residual gauge 
symmetry A ,o oc r 3 , which satisfies A^ d s 4 A ,o = 0. The other equations of motion 
dSZD, (JSHD, and d69D reduce to 

r 2 ^-^ + l))K,V(r) = 0, (71) 

r 4 ^-- 2 ^--s 2 -3s]a s ^ s (r) = 0, (72) 
dr r A dr J 

^7-^ + ^ViW=0. (73) 



dr r 2 dr 

Each of these has two independent solutions. 

K S ) M oc r s+1 , (D = s + 2), r~ s , (D = -s + l), (74) 

a s -i,s oc r s+ \ (D = s + 3), r~ s , (D = — s), (75) 

a v -iccr s , (D = s), r^ 3 , (D = -s + 3). (76) 

.D given above are the corresponding conformal dimensions. The former of each 
equation is the mode given in Table EJ 

Next, let us consider the fermion field A. The equation of motion is 

- r M v M A + -^rA = 0. (77) 

A is an eight-component spinor off shell and each mode of this field is expanded 
by the direct products of a four-component spinor in AdS± and a two-component 
spinor spherical harmonic in S 3 . We take the anzats 



A 
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The coefficient spinors VV-.-.s and V's.a-i have an implicit SU(2)r index as well 
as A. Correspondingly to the factorization of the spinor f J78|) . we factorize the 
Dirac matrices also as 

r m = 7 5 ® 7 m , r^ = 7 ^®i 2 , r = * 7 5 ®i 2 . (79) 

By substituting f JTHj) and f!79|) into f!77|) . we obtain the differential equations 

( r s " I) = ^ (s + 1) (80) 
( r |-§)*-i = ^(- + 5)*-i- (81) 

where the index r of 7 r represents the local Lorentz index along the radial direc- 
tion. The solutions to these equations and the corresponding conformal dimen- 
sions are 

D = s + l> s + \, (82) 

D = -s + 2, s + 1, (83) 

where 77^ are constant spinors satisfying iYrfri^ = ±77^. 77 _\ and 77 \ 
correspond to the modes given in Table [3j 
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